(22 4 ) AND (26 4 ) CONFIGURATIONS OF LINES
Enumerating arrangements
There are several ways to enumerate arrangements of lines in the real plane. For instance, one can enumerate all wiring diagrams and thus oriented matroids. However, without a very strong local condition on the cell structure, such an enumeration is feasible only for a small number of lines. In any case, most types of interesting arrangements of more than say 20 lines can probably not be enumerated completely (nowadays by a computer).
A much more promising method is (as already noted by many authors) to exploit symmetry. In fact, most relevant examples in the literature have a non-trivial symmetry group. Symmetry reduces the degrees of freedom considerably and allows us to compute examples with many more lines. The following (very simple) algorithm is a useful tool to produce "interesting" examples of arrangements with non-trivial symmetry group: Algorithm 1.1. Enumerate arrangements(q,P ) Look for matroids with P which are realizable over C.
Input: a prime power q, a property P Output: matroids of arrangements of lines in CP 2 with P 1. Depending on P , choose a small set of lines A 0 ⊆ F q P 2 and an n ∈ N. 2. For every group H ≤ PGL 3 (F q ) with |H| = n, compute the orbit A := HA 0 . 3. If A has property P , then compute its matroid M . Print M if it is realizable over C.
(1) If q is not too big, then it is indeed possible to compute all the subgroups H with |H| = n. However, if q is too small, then only very few matroids M will be realizable in characteristic zero. Thus it is a priori not the best method if one is searching for arrangements in the real projective plane. On the other hand, most 1 "interesting" arrangements will define a matroid that is realizable over many finite fields, such that these matroids will certainly appear in the enumeration. (4) Realizing rank three matroids with a small number of lines, depending on the matroid maybe up to 70 lines, is not easy but works in most cases (see for example [4] ).
(n k ) configurations of lines
A configuration of lines and points is an (n k ) configuration if it consists of n lines and n points, each of which is incident to exactly k of the other type. It is called geometric if these are points and lines in the real projective plane.
There are many results concerning geometric (n 4 ) configurations: [5] , [3] There exist geometric (n 4 ) configurations of lines if and only if n ≥ 18 except possibly for n ∈ {19, 22, 23, 26, 37, 43}. [1] There is no geometric (19 4 ) configuration.
[2] There exist geometric (37 4 ) and (43 4 ) configurations. Thus for the existence of geometric (n 4 ) configurations, only the cases n ∈ {22, 23, 26} were open. Using the above algorithm we can produce examples when n is 22 and 26.
We will denote both projective lines and points with coordinates (a : b : c) since points and lines are dual to each other in the plane.
(22 4 )
. The key idea to obtain (n 4 ) configurations with the above algorithm is to choose an arrangement A 0 which already has some points of multiplicity 4. This way, the orbit A is likely to have a large number of quadruple points as well. Indeed, starting with an arrangement in F 19 P 2 with two quadruple points and a group H of order 4, we find the following arrangement of lines (see Figure 1 and 2): triple, and 7 double points, and 10 lines with 4 quadruple and 9 double points (see Figure 1 and 2).
Remark 2.1.
(1) Since there are two roots w of x 2 + 7x − 26, we obtain two arrangements A 22 4 up to projectivities. The corresponding matroids are isomorphic, but the CW complexes are different. This is why we find four arrangements including the duals. (2) The corresponding matroid has a group of symmetries isomorphic to Z/2Z × Z/2Z. This rather small group is probably the reason why this example did not appear in an earlier publication. 
where z is the real root of x 3 + 3x 2 − x − 7.
Remark 2.2. All the matroids presented in this note have realizations which are unique up to projectivities and Galois automorphisms. For A 26 4 there is a complex realization which may not be transformed into a real arrangement by a projectivity, namely when z is a complex root of x 3 + 3x 2 − x − 7. Remark 2.3. Notice that the above algorithm produces many more non isomorphic examples over finite fields and even (at least) three more examples over the complex numbers. Thus these results give no hint concerning the existence of geometric (23 4 ) configurations.
